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Abstract

In this paper we stady the relationship between tensor is an algebraic curvature tensor
, W- Projective Curvature Tensor of a Lokally Conformal Kahler manifold w4., 1. e. "it has a
classical symmetry properties of the Riemann carvatur tensor" of a Lokally Conformal Kahler
manifold ws.has been examined in this research.

The typical Riemannian curvature symmetry features of this tensor were demonstrated. In
the L.C.K- manifold, calculate the W- Projective tensor (W- tensor) components. Some
observations and relationships among them were obtained, and links between the tensor
components of this manifold were constructed. With obtaining a neutral equation for each of
the eight these components.

Keywords: Locally conformal Kahler manifold w4., W-projective tensor, conformal curvature
tensor.
1.Introduction

Conformal transformations of Riemannian structures are the important object of differential
geometry, where this "transformations which keeping the property of smooth harmonic
function .It is" known, that such transformations have tensor in variant so-called W- Projective
Curvature Tensor, In this paper we investigated the W- Projective Curvature Tensor of a
Lokally Conformal Kahler manifold w4."
The W-projective curvature tensor: [2] on AH-manifold W is a tensor of type (4,0) and satisfied
the relation e 2fW(A, B, C,D) = W(A, B, C, D), which is defined as the form:

W(A,B,C,D) = R(A,B,C,D) —

7 — 1 (A DIS(B,C) — g(B,D)S(4, C)]

Where R is the Riemannian curvature tensor. g is the Riemannian metric and A is the scalar
curvature A,B,C,D € X(M). Where X(M) is the Lie algebra of W vector field on W.
The locally conformal Kahler manifold which are going to be dealt with in this
study, is one of the sixteen classes of almost Hermitian manifold. The first study on
locally conformal Kahler manifold was conducted by Libermann 1955 [3]. Vaisman,
in 1981 put down some geometrical conditions for locally conformal Kahler manifold
[9]. Letter on inl1982, Tricerri mentioned different examples about the locally
conformal Kahler manifold[8].

In 1993, Banaru [1] From the Banaru’s classification of L.C.K-manifold. The class locally
conformal kahler manifold statistics the following conditions:

Babc = ¢ , ng — a[aSE]
2.Preliminaries
Let W be a smooth 2n dimension manifold,C* ( M )- soft function algebra onW; a(M)vector

fields of smoothness module on "manifold" of W; g = <.,.> - Riemannian metrics is a

——
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Riemannian metrics link g onW, d: the element of distinction from the outside. The smooth
class is assumed for all manifolds, Tensor fields, and other objecets C in the following. The
structure of NK ("nearlykahler") on the "(manifold W)" is a pair "(Q,g)" where Q: represents
the structure of the almost complicated ("Q? = id") onW, g=<.,.> represents the Riemannian
"(pseudo)" metric onW, where in this case <Qa,Qf> =<a, f>; a, BEa(M).
Let W be a nl-dimensional 2n-dimensional smooth manifold. On W, C(M) is a smooth function
algebra., and a(M) is the vector field module on W. The Riemannian conection of the metric
is denoted by g, while the exterior differentiation is denoted by d.
3. The Structure Equation Of Locally Conformal Kahler Manifold
Definition 3.1:[4]

The W-projective curvature tensor on NK-manifold M is a tensor of type (4, 0) and
satisfied the relation e 2 W (A, B, C,D) = W (A, B, C, D) which is defined as the form:

W(A,B,C,D) = R(A,B,C,D) — [9(4,D)S(B,C) — g(B,D)S(4,C)]

2n—1
Where R is the Riemannian curvature tensor. g is the Riemannian metric and A is the scalar
curvature A,B,C,D € X(M). Where X(M) is the Lie algebra of W vector field on M.
Definition 3.2:[4]

The W-projective curvature tensor on LCK-manifold M is a tensor of type (4, 0) and
satisfied the relation e =2 W (A, B, C,D) = W (A, B, C, D) which is defined as the form:

W(A,B,C,D) = R(A,B,C,D) — [9(4,D)S(B,C) — g(B,D)S(4,C)]

2n—1
Where R is the Riemannian curvature tensor. g is the Riemannian metric and A is the scalar
curvature A,B,C,D € X(M). Where X(M) is the Lie algebra of W vector field on M.
Definition 3.3:[4]

The from defines the W-projective curvature tensor Wjjx; = Ryj; —T;[Sjkgi, -
Sikdi1]

The Riemannian curvature tensor and the Ricci tensor, respectively are R and S.
Definition 3.4:[5]

A Riemannian manifold is called and Einstein manifold if the component of Ricci
tensor satisfies the equation 7;; = eg;;, where ¢ and g are respectively an Einstein constant
and Riemannian metric let’s consider properties of the W-projective curvature tensor.
Remark 3.5: [1]

1- From the Banaru’s classification of L.C.K-manifold. The class locally conformal kahler
manifold statistics the following conditions:

B¢ =0,B = a[a(gf]

2- The value of Riemannian metric is g denoted by the form

i- Jab = 9ap =0
TR
- gap =80

The structure equation of L.C.K-manifold provide by the following theorem.
Theorem 3.6: [6]
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The component of the Riemannian curvature tensor of L.C.K-manifold in the ad joint
G-structure space are given as the following forms:

1- Rapca =0

i-  Rgpea =0

iii-  Rapea = @acg) + %aaa[c&?]

iv-  Rgpea = —Qaicb) — %aaa[c&?]

V- Rapea = @jajq)05) — X[adp@ndy;
Vi- Rapea = @aje) Oty — XaOp¥nds
Vi Rgpeq = —2 e 8]

viii-  Rgpeq = 2 afe6y]

iX- Rapea = AL — al98) ap, 65

X~ Rgpeq = AR2 — al®8 89,

Xi-  Rapea = —ALG + a6y ar, 55

xii-  Rgpea = —A52 + al? 8 ar 68,
xiii-  Rgpeq = —al@cl6?) 4 qlagPlglh s
Xiv- Rgpeq = —alddlgt 4 glaghlginsd]
XV-  Rapea = a“[cc?g] + %a“a[cé‘g]

Xxvi-  Rgpea = —aa[cé‘g] - %aaa[cé‘g]

Theorem 3.7:
The component of Ricci tensor of L.C.K-manifold in the ad joint G-structure space are
given by the following forms:

i- Tap = acCpplg + %aca[bé‘g] + ep|Og) — a[cé‘g]a[th]
i rap = —2aly65 — A% + @196, . oF

ifi- 75 = AL — al6 oo + 2, 5]

iv- a5 = —aldblgd 4 qleglhg?l — gelb 5] —%aca[bc?g]

Theorem 3.8:
Thus, the projective tensor satisfies all of the algebraic curvature tensors characteristics
1. W(a, b, c,d)=-W(,a,c,d)
ii. W(a, b, c,d)=-W(a,b,c,d)
iii. W((a, b, c, d) + W(b, c, a,d) + W(c,a,b,d)=0
1v. W(a, b,c,d)=W(c,d,ab),a,b,c,d e X(M)

Proof:
We shall prove

i. W(a, b,c,d) = R(a,b,c,d) — ﬁ [9(a, d)S(b,c) — g(b,d)S(a,c)]

( ]
| 1487 |



W-PROJECTINE CURVATURE TENSOR OF LOCALLY CONFORMAL KAHLER MANIFOLD

=—R(b,a,cd)+
=—-W(b,a,c,qa)
Properties are similarly proved
ii. W(a, b, c,d)=-W(a,b,c,d)
jii. W((a, b, c,d)+ W(b, c,a,d)+ W(c,a,b,d)=0
iv. W(a, b, c,d)=W(c,d, a, b)

—[~9(a,d)S(b,c) - g(b,d)S(a,0)]

Covariant projective tensor type (3,1) have form
W(a,b)c = R(a,b)c+ 2111_—1 {<ac>b—<b,c>a}
Where R is the Riemannian curvature tensors and a is the scalar curvature a,b.c,d € X(M)
By definition of spectrum tensor.
W(A,B)C = Wy(a,b)c + W;(a,b)c + Wy(a,b)c + W5(a,b)c + W,(a,b)c + Ws(a, b)c
+ Wy(a,b)c + W,(a,b)c;a,b,c € X(M)
Tensor Wy (a, b)cas non-zero the component can have only components of the form:
W8 yea We' 5} = (Wheas Wrea)
Tensor W, (a, b)c- components of the form
We e Wi'sea} = Wiea Whea}
Tensor W, (a, b)c- components of the form
We yea Wi'seal = Wyta Whead
Tensor W3 (a, b)c- components of the form
We o Wa'seal = Woea Wead
Tensor W, (a, b)c- components of the form
{W4a5cd’ W4abé&} = (Wiea Wyea}
Tensor Ws(a, b)c- components of the form

{W5a5c5l' W5dbéd} = Wyea Woeal
Tensor Wy (a, b)c- components of the form
(Wesea We' et = Wiea Wyeal
Tensor W5 (a, b)c- components of the form
(W56 W7 ave} = Wiea Wabe}
TenSOI‘WO = Wo(a, b)C, W1 = Wl(a, b)C, ey W7 = W7(a, b)C
The basic invariants projective L.C.K-manifold will be name.
Definition 3.9:
L.C.kahler manifold for which W; = 0 is L.C.K almost hermitian manifold of class
w;,i=0,1,..,7

Theorem 3.10:
1. Locally kahler manifold of class W, characterized by identity.
W(a, b)c - W(a, Jb)Jc - W(Ja, b)Jc - W(Ja, Jb)c - IW(a, b)Jc - JW(a, Jb)c - IW(Ja, b)c + JW(Ja,
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Jb)lc=0, ab,c,d € X(M)

2. Locally kahler manifold of class W, characterized by identity.
W(a, b)c+ W(a, Jb)Jc - W(Ja, b)Jc + W(Ja, Jb)c + IW(a, b)Jc - JW(a, Jb)c - IW(Ja, b)c - IW(Ja,
Jb)Jc =0, ab,c,d € X(M)

3. Locally kahler manifold of class W, characterized by identity.
W(a, b)c - W(a, Jb)Jc + W(Ja, b)Jc + W(Ja, Jb)c - IW(a, b)Jc - IW(a, Jb)c + IW(Ja, b)c - IW(Ja,
Jb)Jc =0, ab,c,d € X(M)

4. Locally kahler manifold of class W5 characterized by identity.
Wi(a, b)c + W(a, Jb)Jc + W(Ja, b)Jc - W(Ja, Jb)c - IW(a, b)Jc + JW(a, Jb)c + IW(Ja, b)c +JW(Ja,
Jb)Jc =0, ab,c.d € X(M)

5. Locally kahler manifold of class W, characterized by identity.
W(a, b)c+ W(a, Jb)Jc + W(Ja, b)Jc - W(Ja, Jb)c + JW(a, b)Jc - JIW(a, Jb)c - IW(Ja, b)c - IW(Ja,
Jb)Jc =0, ab,c,d € X(M)

6. Locally kahler manifold of class W5 characterized by identity.
W(a, b)c - W(a, Jb)Jc + W(Ja, b)Jc + W(Ja, Jb)c + JW(a, b)Jc + IW(a, Jb)c - IW(Ja, b)c +
JW(Ja, Jb)Jc =0, a,b,c,d € X(M)

7. Locally kahler manifold of class W characterized by identity.
W(a, b)c + W(a, Jb)ic - W(Ja, b)Jc + W(Ja, Jb)c + JW(a, b)Jc - JIW(a, Jb)c + JW(Ja, b)c +
JW(Ja, Jb)Jc =0, ab,c,d € X(M)

8. Locally kahler manifold of class W, characterized by identity.
W(a, b)c - W(a, Jb)Jc - W(Ja, b)Jc - W(Ja, Jb)c + JW(a, b)Jc + JW(a, Jb)c + JW(Ja, b)c - IW(Ja,
Jb)Jc =0, ab,c.d € X(M)
Proof:

1. Let L.C.K-manifold of class W, the manifold of class W, characterized by a condition

Wy'y.q = 0,0r Wis=0

ie. [W(eq€q)ep]®eq

As o — aprojector on Dm, that co{W (6A,dB)aC} =0

i.e (id —V=1J{W(a —V=1a)(b —V=1Jb)(c —V=1Jc)} = 0

Eliminating the brackets could be received :

ie.

W(a, b)c — W(a, Jb) — W(Ja, b)Jc — W(Ja, Jb)c — IW(a, b)Jc — IW(Ja,b) + IW(Ja,Jb)Jc —

V=1{W(a,b)Jc + W(a,Jb)c + W(Ja,b)c — W(Ja,b)Jc}— {JW(a,b)c —JW(a,Jb)Jc — IW(Ja,b)Jc

—JW(a,Jb)c} =0

ie.

1. W(a,b)c — W(a,Jb)Jc — W(Ja, b)Jc — W(Ja,Jb)c — JW(a,b)Jc — IJW(a,Jb)c — IW(Ja,b)c +
JW(JaJb)lc=0... (1.1)

2. W(a,b)lc + W(a,Jb)ct+ W(Ja, b)c — W(Ja,Jb)Jc + IW(a,b)c — JW(a,Jb)lc —IW(Ja,b)Jc
-JW(Ja,Jb)Jc =0 ...(1.2)
These equation (1) and (2) are interchangeable the first replacement yields, the second equality
Cand JC.
Thus (locally kahler)-identity characterizes a class W, manifold
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W(a,b)c — W(a,Jb)Jc — W(Ja,b)Jc — W(Ja,Jb)c — JW(a,b)Jc — JW(a,Jb)c — JW(Ja,b)c +
JW(Ja,Jb)lc=0, ab,c,d e X(M)
Similarly considering locally kahler-manifold of classes W; — W, can be received the 2, 3, 4,
5,6, 7 and 8.
Theorem 3.11:
We have the following inclusion relations:
I. Wo=W;=W; =W, =W,
2. Wy =-W,

Proof:
1. We shall prove W5 = Wgand similarly. The other will be proven for an example,
proving equality

Let (M,J,g) be L.C.K-manifold of class W5 i.e W5 then, according to (4) we have Wk ,=0,
i.e. the AH-manifold is manifold of class Wy back, let M-LCK-manifold of class W.
ThenW?., ,, so according to (4) and WE > = 0

béa’ bed
Thus, classes W5 and Wy of L.C.K-manifold are coincide.
2. Prove inclusion W; = =W,

Let (M,J,g) L.C.K-manifold of class W,, i.e take place equality W,.~ = W, = 0. According
to property (1.2) we have

g T W+ Wis. =0 ie Wy, =0 this the L.C.K-manifold of a class Wy = =W, is
L.C.K-manifold
Putting equality (2) and (3) we shall receive identity describing L.C.K-manifold of class W; =
-,
W(A,B)C + W(JA,JB)C +JW(A,B)IC —JW(JA,IB)JC =0, A,B,C,D eX(M)... (1.3)
From equality (1), (4), (6), (7) we shall receive the identity L.C.K-manifold of class W, =
Wy = Ws = W
W(A,B)C +JIW(JA,JB)IC =0, A,B,C,.D eX(M)... (1.4).
Theorem 3.12:

The following equations describes the components of the projective tensor of L.C.K-

manifold in the adjoint G-structure

1
1. Wdﬁcd = 2Bathdch - m [(3Bathcha - Ag(cl)(sg - (3Bbahthb - Ag?)(s(l;]
1
2. Wabea = B“*Byan — Ajg — po—y (3Bap B*" —Af5)84
1
3. Wapca = B*"Bppe + A5E + p— (3B%® Benp + A52)84
And the others are either conjugate of above component or equal to zero.
Proof:

By using theorem3.6, we compute the components of projective tensor as the following:
1. puti=a, j=b, k=c, I=d

1
Wabca = Rapea — m—1 [9aaSve — IpaSac]
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Wabca =0

&
—~
Il
&
k‘
Il
o
~
Il
Y

2. puti=

1
Wapca = Ravea = 5—7 [9aaSve — gpaSacl

p 1
Wabca = Xacba) +5

2 aaa[c6g]

3. puti=a, j:E, k=c I=d

1
Wabca = Rabea — m—1 [9aaSsc — 9paSacl

b 1 b
Wabea = _aa[c6d] - Eaaa[cé‘d]
4. puti=a, j=b, k=¢ I=d

1
Wapea = Ravca = 57 [9aaSve — gpaSael

Wabca = ®jaja05) — X1ap) (04,
5. puti=a, j=b, k=c, I=d

1
Wabca = Rapca — m [9aaSpec — gpaSacl
W abea = Xale1O5) — Xabp) Ar
6. puti=a, j=E, k=c I=4d

1
Wabeca = Rabea — o —1 = [9aaSsc — 9paSacl
b h
Wapea = —2ai8q) — 5—=(~2af;65] — 4% + al*5}) ar05)) o5

- (( 20l 08 — A% + al*8) a5 ) 55)
_ o lash]
= —Za[c 501]
7. puti=a, j=»b, k=¢ I=d

1
Wabca = Ravea — 5—7[9aaSve — gvaSacl
1

h
deéd = Aga - (l[aé‘d] Cf[bé‘;ﬂ - n—1 ((Aalé - a[66 Cf[ 6h] + Za[c a])gb

8. puti=a, j=»b k=c, I1=d

1
Wacva = Racva — m[gdasbc — 9paSacl
1
h a h
Wacva = A5¢ — [a5c] “[h5b] - + (—2a [Z f]] b+ a[a(;b] a[c5§])53

I 2n-—

The above theorem calculated components projective tensor Curvature on space of

adjoint G-structure projective tensor of L.C.K-manifold and W;, W,and W, have only other
components projective tensor that are equal to zero.
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i.e. for L.C.K-manifold only three projective tensor don’ts equal zero W;with
component {Wk,, Wi;ac&} A Gray [2] defined three special classes of almost Hermitian
manifold which are given in terms of Riemannian curvature tensor.

These classes are denoted byR;, Ry, and R, class R;is called a parakahler manifold
[7]. The class R; is called R.K-manifold [10]. A Gray [1] proved that R;c R, < R3, according
to which key to understanding of differential geometrical properties kahler manifolds identities
with which satisfies them Riemann curvature tensor are
Ri:<R(A,B)C,D >=<R(JAJB)C,D >
R,:<R(A,B)C,D >=<R(JA,JB)C,D > +<R(JA,B)JC,D > +< R(JA,B)C,]D >

R;:< R(A,B)C,D >=<R(A,JB)JC,]D >
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